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A f i n i t e  e lement  p rocedure  is d e s c r i b e d  f o r  c a l c u l a t i n g  t h e  l o s s  f a c t o r s  f o r  
e l a s t i c  s t r u c t u r e s  t o  which frequency-dependent v i s c o e l a s t i c  damping t r e a t m e n t s  
have been a p p l i e d .  The f requency dependence of  t h e  v i s c o e l a s t i c  damping m a t e r i a l  
is t r e a t e d  by approx imat ing  i ts  s h e a r  modulus w i t h  a  second-order  polynomial  s o  
t h a t  t h e  s t i f f n e s s e s  a s s o c i a t e d  w i t h  t h e  c o n s t a n t ,  l i n e a r ,  and q u a d r a t i c  t e rms  
c a n  be combined, r e s p e c t i v e l y ,  w i t h  t h e  s t i f f n e s s ,  damping, and mass m a t r i c e s  
assembled f o r  t h e  rest o f  t h e  s t r u c t u r e .  A s ; n g l e  complex e i g e n v a l u e  a n a l y s i s  is 
t h e n  performed i n  which t h e  e i g e n v a l u e s  a r e  p u r e l y  imaginary.  The l o s s  f a c t o r  is  
computed by t h e  modal s t r a i n  energy  (MSE) approach f i r s t  fo rmula ted  i n  1962 by 
Ungar and Kerwin and r e c e n t l y  r e c a s t  i n  t h e  f i n i t e  e lement  c o n t e x t  by Johnson, 
Kienholz ,  and Rogers. I n  t h e  HSE approach,  t h e  l o s s  f a c t o r  o f  a composi te  
s t r u c t u r e  v i b r a t i n g  i n  one o f  i t s  n a t u r a l  modes may be v i s l a l i z e d  a s  a  weighted 
average  o f  t h e  l o s s  f a c t o r s  o f  t h e  component p a r t s ,  w i t h  t h e  r e l a t i v e  s t o r e d  
e n e r g i e s  a s  we igh t ing  c o n s t a n t s .  The f i n i t e  e lement  procedure ,  which c a n  t r e a t  
ve ry  g e n e r a l  geomet r i es ,  is i l l u s t r a t e d  f o r  t h e  c a s e  o f  a  v i b r a t i n g  c o n s t r a i n e d -  
l a y e r  damped p l a t e .  
INTRODUCTION 
Damping t r e a t m e n t s  a r e  f r e q u e n t l y  a p p l i e d  t o  e n g i n e e r i n g  s t r u c t u r e s  t o  
reduce bo th  v i b r a t i o n  and no i se .  For example, l amina ted  p l a t e s  composed of  
a l t e r n a t e  l a y e r s  o f  e l a s t i c  and v i s c o e l a s t i c  m a t e r i a l s  have been used a s  
s t r u c t u r a l  members which can  d i s s i p a t e  v i b r a t o r y  energy a s  w e l l  a s  m a i n t a i n  t h e  
r e q u i r e d  s t r u c t u r a l  i n t e g r i t y .  
 he f i n i t e  e lement  p r e d i c t i o n  of t h e  dynamic r e s p o n s e  of such s t r u c t u r e s  is 
compl ica ted  c o n s i d e r a b l y  by t h e  frequency-dependence o f  t h e  v i s c o e l a s t i c  m a t e r i a l  
p r o p e r t i e s .  Because t h e  s t r u c t u r e ' s  s t i f f n e s s  m a t r i x  i s  frequency-dependent,  t h e  
f i n i t e  e lement  e q u a t i o n s  a r e  n o n l i n e a r  r a t h e r  than  l i n e a r ,  and c o n v e n t i o n a l  
a n a i y s i s  cannot  be used. For example, t h e  c a l c u l a t i o n  o f  time-harmonic f o r c e d  
response  by a  d i r e c t  approacn ; i n  t h e  p h y s i c a l ,  r a t h e r  than  modal, c o o r d i n a t e s  o f  
t h e  s t r u c t u r e )  vould r e q ~ * : r e  t h e  complete  re-assembly and s o l u t i o n  o f  t h e  system 
e q u a t i o n s  f o r  each  d r i v e  f requency.  Also, w i t h  most f i n i t e  e lement  codes ,  t h e  
o v e r a l l  damping c h - r q c t e r i s t i c s  of t h e  s t r u c t u r e  canno t  be de te rmined  by s o l v i n g  
t h e  complex e i g e n v a l u e  problem s i n c e  t h e  frequency-dependence of  t h e  c o e f f i c i e n t  
m a t r i c e s  r e s u l t s  i n  a  n o n l i n e a r  e i g e n v a l u e  problem. 
T h i s  paper d e s c r i b e s  how c o n s t a n t  c o e f f i c i e n t  m a t r i c e s  i n  f i n i t e  e lement  
a n a l y s i s  c a n  be r e s t o r e d  s o  t h a t  t h e  d i f f i c u l t i e s  a s s o c i a t e d  w i t h  f requency-  
dependent  matcr i .a l  p r o p e r t i e s  can  be reduced. I n  e s s e n c e ,  a  frequency-dependent 
m a t e r i a l  p r o p e r t y  is approximated by a polynomial q u a d r a t i c  i n  t h e  c i r c u l a r  
f requency w, and t h e  c o c f f i c i a n t ~  of  t h e  f i r s t  and second o r d e r  terms of  t h e  
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polynomial  a r e  combined w i t h  t h e  sys tem damping and mass m a t r i c e s ,  r e s p e c t i v e l y .  
The main r e q u i r e m e n t s  f o r  t h i s  approach a r e  ( 1 )  t h a t  t h e  frequency-dependence can  
be a d e q u a t e l y  r e p r e s e n t e d  by a  q u a d r a t i c ,  and ( 2 )  t h a t  t h e  f i n i t e  e l ement  code 
can  h a n d l e  complex s t i f f n e s s ,  damping, and mass m a t r i c e s .  NASTRAN, f o r  example,  
a l l o w s  t h e s e  a a t r i c e s  t o  b e  complex. 
T h i s  paper  d i s c u s s e s  two problems f o r  s t r u c t u r e s  t o  which f requency-  
dependent  v i s c o e l a s t i c  damping t r e a t m e n t s  have  been a p p l i e d :  
1. f o r c e d  time-harmonic r e s p o n s e  a n a l y s i s  u s i n g  p h y s i c a l ,  r a t h e r  t h a n  
modal, c o o r d i n a t e s  ( c a l l e d  " d i r e c t  f r equency  response"  ; n NASTRAN), and 
2. p r e d i c t i o n  o f  t h e  o v e r a l l  sys tem l o s s  f a c t o r  ( s t r , : c t u r a l  damping 
c o e f f i c i e n t ) .  
Convenient  s o l u t i o n  o f  t h e  f i r s t  problem r e q u i r e s  o n l y  t h e  q u a d r a t i c  
polynomial  approx imat ion  t o  t h e  f r equency  dependence o f  t h e  v i s c o e l a s t i c  m a t e r i a l  
p r o p e r t i e s .  For t h e  second problem, t h e  approach t a k e n  h e r e  i s  t o  u s e  t h e  
q u a d r a t i c  f i t  o n l y  f o r  t h e  r e a l  p a r t  of t h e  v i s c o e l a s t i c  modulus, and t h e n  t o  
s o l v e  a n  undamped ( b u t  m a t h e m a t i c a l l y  complex) e i g e n v a l u e  problem and a p p l y  t h e  
modal s t r a i n  ene rgy  (HSE) approach t o  e x t r a c t  t h e  sys tem l o s s  f a c t o r .  
APPROXIMATION FOR FREQUENCY-DEPENDENT PATERIALS 
The f o r m u l a t i o n  a f  a  s t r u c t u r a l  dynamics problem f o r  f i n i t e  e l ement  so1l;tion 
r e s u l t s ,  i n  t h e  t i m e  domain, i n  t h e  m a t r i x  e q u a t i o n  
where M, B,  and K a r e  t h e  mass, v i s c o u s  damping, and s t i f f n e s s  m a t r i c e s ,  
r e s p e c t i v e l y ,  u  is t h e  v e c t o r  o f  unknown d i sp lacement  components a t  t h e  g r i d  
p o i n t s ,  and F is t h e  v e c t o r  of a p p l i e d  f o r c e s  a t  t h e  g r i d  p o i n t s .  
For time-harmonic l o a d i n g ,  
where w and Fo a r e ,  r e s p e c t i v e l y ,  t h e  c i r c u l a r  f r equency  and complex ampl i tude  o f  
t h e  a p p l i e d  f o r c e ,  and uo is t h e  complex ampl i tude  of t h e  d i s p l a c e m e n t  r e sponse .  
I n  t h a t  c a s e ,  t h e  time-harmonic form of Equatron ( 1 )  i s  
Cons ide r  a  s t r u c t u r e  made o f  one o r  more m a t e r i a l s ,  o n l y  one o f  which is  
damped. Assume t h a t  t h e  damped m a t e r i a l  (which may be a n i s o t r o p i c )  is modeled 
m a t h e m a t i c a l l y  by t h e  complex modulus a proach,  i n  which t h e  modulus o f  
e l a s t i c i t y  i s  t h e  complex number E ( l + i n y ,  where s is t h e  l o s s  f a c t o r  f o r  t h e  
m a t e r i a l .  Assume a l s o  t h a t  a l l  moduli  f o r  t h a t  m a t e r i a l  have t h e  same l o s s  
f a c t o r  0 and,  hence,  t h a t  t h s  P o i s s o n ' s  r a t i o s  a r e  r e a l  and f requency-  
independent .  S ince  e v e r y  term of  t h e  f i n i t e  e lement  m a t e r i a l  m a t r i x  D (which 
c o n v e r t s  t h e  s t r a i n  v e c t o r  t o  t h e  s t r e s s  v e c t o r  f o r  a n  e l e m e n t )  i s  p r o p o r t i o n a l  
t o  one o f  t h e  e l a s t i c  modul i ,  t h e  f r equency  dependence can be f a c t o r e d  o u t  a s  
a  common d i m e n s i o n l e s s  s c a l a r  f a c t o r :  
where Co is a  r e a l ,  f requency-independent  r e f e r e n c e  m a t e r i a l  m a t r i x ,  a(@) i s  
a  d i m e n s i o n l e s s  f a c t o r  which e x p r e s s e s  t h e  f requency dependence of t h e  r e a l  
p a r t  of t h e  e l a s t i c  moduli ,  and n(w) i s  t h e  frequency-dependent l o s s  f a c t o r  f o r  
t h e  m a t e r i a l .  I n  e f f e c t ,  Do i s  t h e  m a t e r i a l  m a t r i x  f o r  some a r b i t r a r y  f requency 
wo, and c D o  is t h e  r e a l  p a r t  of t h e  m a t e r i a l  m a t r i x  f o r  some o t h e r  f requency w; 
t h u s ,  a(wO) = 1. It t h e r e f o r e  f o l l o w s  t h a t  t h e  s t i f f n e s s  m a t r i x  Kd f o r  t h e  
p o r t i o n  of t h e  s t r u c t u r e  made of t h e  damped m a t a r i a l  i s  o f  t h e  form 
where KO is t h e  r e a l  p a r t  of  Kd a t  t h e  r e f e r e n c e  f requency wc.  The s t i f f n e s s  
m a t r i x  f o r  t h e  remainder  of t h e  s t r u c t u r e  ( t h e  undamped p o r t i o n )  w i l l  be denoted 
K e *  
With damping modeled u s i n g  t h e  complex modulus approach,  M i n  Equa t ion  ( 4 )  
is r e a l ,  B = 0 ( u n l e s s  v i s c o u s  damping is a l s o  p r e s e n t ) ,  and K i s  complex. The 
r e a l  p a r t  of K i n c l u d e s  t h e  c o n t r i b u t i o n s  from a l l  components and m a t e r i d l s  i n  
t h e  s t r u c t u r e .  However, i f  on ly  one m a t e r i a l  h a s  complex modul i ,  t h e  imaginary 
p a r t  of t h e  system s t i f f n e s s  m a t r i x  K a r i s e s  on ly  from t h e  damped m a t e r i a l ,  t h u s  
a l l o w i n g  t h e  s t i f f n e s s  m a t r i x  £?r t h e  damping m a t e r i a l  t o  be  e x t r a c t e d  from t h e  
o v e r a l l  sys tem s t i f f n e s s  mat r ix .  I f  t h e  l o s s  Eac to r  ( s t r t c t u r a l  damping 
c o e f f i c i e n t )  f o r  t h e  damping n a t e r i a l  is s p e c i f i e d  a s  u n i t y  on t h e  f i n i t e  
e lement  m a t e r i a l  p r o p e r t i e s  d a t a  c a r d ,  
The s t i f f n e s s  m a t r i x  K, f o r  t h e  reinainder o f  t h e  s t r u c t u r e  ( t h e  undamped 
p o r t i o n )  is t h e n  o b t a i n e d  by s u b t r a c t i n g  from t h e  sys tem m a t r i x  K t h e  
c o n t r i b u t i o n  from t h e  damping a a t e r i a l :  
where K i s  t h e  (complex) s t i f f n e s s  m a t r i x  f o r  t h e  e n t i r e  s t r u c t u r e  assuming t h a t  
n = 1 i s  s p e c i f l e d  f o r  t h e  damped p o r t i o n .  
It w i l l  be c o n v e n i e r ~ t  t o  w r i t e  Equat ion ( 6 )  i n  t h e  form 
where 
I f  t h e  dependence of a and on w were q u a d r a t i c ,  it is c l e a r  from Equat ion (4 )  
t h a t  t h e  frequency-dependent terms could be absorbed i n t o  t h e  sys tem 's  mass and 
v i s c o u s  damping m a t r i c e s ,  the reby  t r a n s f o r m i n g  t h e  problem i n t o  s t a n d a r d  form 
(a l though  w i t h  complex c o e f f i c i e n t  m a t r i c e s ) .  
There fore ,  we a t t empt  t o  approximate  a ( @ )  and B(w) w i t h  t h e  q u a d r a t i c  
polynomials  
The s i x  unknown c o e f f i c i z n t s  i n  Equa t ious  ( 1 1 )  and ( 1 2 )  can be determined by 
s t a n d a r d  l e a s t - s q u a r e s  p rocedures  (which a r e  summarized i n  t h e  nex t  s e c t i o n ) .  
With q u a d r a t i c  f requency-dependence  o f  t h e  damping m a t e r i a l ,  t h e  
c o e f f i c i e n t  m a t r i c e s  M, R, and K i n  Equa t ion  ( 4 )  c a n  Le r e p l a c e d  by new complex 
m a t r i c e s  M*, B*, and K* d e f i n e d  by t h e  e q u a l i t y  
where Ke i s  t h e  s y s t e m  s t i f f n e s s  m a t r i x  f o r  t h e  undamped p a r t  o f  t h e  s t r u c t u r e ,  
B i s  t h e  damping m a t r i x  f o r  t h e  v i s c o u s  dam?ers,  i f  any,  and M i s  t h e  o r i g i n a l  
mass m a t r i x  f o r  t h e  e n t i r e  s t r u c t u r e .  Thus, by e q u a t i n g  c o e f f i c i e n t s  o f  l i k e  
powers o f  w i n  Equa t ion  ( 1 3 ) ,  we o b t a i n  
where Ke is d e t e r m i n e d  from Equa t ion  (8).  I n  t h i s  form, t h e  new c o e f f i c i e n t  
m a t r i c e s  M*, B*, and K* are complex and independen t  o f  f r equency .  
Tc summarize,  t h e  f r e q u e n c y  dependence  o f  t h e  r e a l  and imag ina ry  p a r t s  o f  
t h e  modul i  of  t h e  v i s c o e l a s t i c  m a t e r i a l  i s  r e p l a c e d  by a  q u a d r a t i c  s o  t h a t  such  
dependence  c a n  be abso rbed  i n t o  t h e  sys t em mass and damping m a t r i c e s .  The 
p r i n c i p a l  a s s u m p t i o n s  made a r e  ( 1 )  t h a t  t h e  f r e q u e n c y  dependence  o f  t h e  m a t e r i a l  
c a n  be d e s c r i b e d  by a  s i n g l e  s c a l a r  f u n c t i o n ,  ( 2 )  t h a t  t h i s  f u n c t i o n  c a n  be 
a d e q u a t e l y  r e p r e s e n t e d  by a  q u a d r a t i c  po lynomia l ,  and ( 3 )  t h a t  t h e  E i n i t e  e l e m e n t  
code  is g e n e r a l  enough t o  a l l o w  complex c o e f f i c i e n t  m a t r i c e s .  
CURVE-FITTING 
Let  y ( x )  r e p r e s e n t  one  o f  t h e  two f requency-dependent  m a t e r i a l  p r o p e r t y  
f u n c t i o n s  a(u) and B[w) d e f i n e d  i n  E q u a t i o n  (9) .  Assume t h a t  y ( x )  is  known a t  
n  p o i n t s  ( x i , y i ) ,  i = 1 , 2 ,  ... ,n.  We wish  t o  approx ima te  y ( x )  by t h e  q u a d r a t i c  
po lynomia l  
i n  such  a  way t h a t  t h e  r e s i d u a l  
is minimized,  where r; is t h e  w e i g h t i n g  f a c t o r  f a r  p o i n t  i. T h i s  is t h e  
c l a s s i c a l  l e a s t  s q u a r e s  problem. To min imize  t h e  s q u a r e s  of t h e  a b s o l u t e  e r r o r s ,  
wi = 1. To min imize  t h e  s q u a r e s  o f  t h e  r e l a t i v e  e r r o r s ,  w; = l / y i2 .  
The po lynomia l  c o e f f i c i e n t s  which m i n i a i z e  t h e  r e s i d u a l  R a r e  t h e  so11:t ions 
o f  t h e  symmetr ic  sys t em [ l j  
where a l l  summations a r e  from i = l  t o  n. 
MODAL STRAIN ENERGY APPROACH TO DAMPING 
The r e l a t i o n s h i p  between damping and energy concep t s  £0- nonhomogeneous 
s t r u c t u r e s  was a p p a r e n t l y  f ' r s t  formulated by Ungar and Kerwin i n  1962 [ 2 ] .  I n  
g e n e r a l  t e rms ,  they showed t h a t  t h e  l o s s  f a c t o r  of a  composi te  s t r u c t u r e  may be 
computed a s  a  weighted average  of t h e  l o s s  f a c t o r s  of t h e  component p a r t s ,  w i t h  
t h e  r e l a t i v e  s t o r e d  e n e r g i e s  a s  we igh t ing  f a c t o r s .  The Ungar-Kerwin i d e a s  were 
r e c e n t l y  r e c a s t  i n  t h e  f i n i t e  e lement  c o n t e x t  by Johnson, Kienholz ,  and Rogers 
[3 -51 .  For completeness ,  we s u m a r i z e  ( i n  a  s l i g h t l y  d i f f e r e n t  form) t h e  a s ? e c t s  
of t h i s  work needed here .  
The complex Raylelgh q u o t i e n t  f o r  a  damped s t r u c t u r e  may be w r i t t e n  i n  t h e  
f  orm 
where KT = s t i f f n e s s  m a t r i x  ( r e a l )  f o r  t h e  e n t i r e  s ' r u c t u r e  
Kd = s t i f f n e s s  m a t r i x  ( r e a l )  f o r  t h e  p a r t  of t h e  s t r u c t u r e  which i s  
damped (i .e. ,  t h e  v i s c o e l a s t i c  m a t e r i a l )  
nd = l o s s  f a c t o r  ( r e a l )  f o r  t h e  v i s c o e l a s t i c  m a t e r i a l  
M = mass m a t r i x  ( r e a l )  f o r  t h e  e n t i r e  s t r u c t u r e  
+d = complex e i g e n v e c t o r  (mode shape)  f o r  a  damped mode of t h e  s t r ~ c t u r e  
w = c i r c u l a r  n a t 2 r a l  f requency ( r e a l )  f o r  t h e  mode 
n = composi te  l o s s  f a c t o r  ( r e a l )  f o r  t h e  e n t i r e  s t r u c t u r e  
For l i g h t l y  damped s t r u c t u r e s ,  t h e  damped mode shape  Od may be approximated by 
t h e  r e a l  e i g e n v e c t o r  + o b t a i n e d  by s o l v i n g  t h e  r e a l ,  undamped p igenva lue  problem. 
Using t h i s  approximat ion ( I $ ~  = 4) and e q u a t i n g  t h e  imagina- p a r t s  of  
Equat ion ( 2 0 )  t o  each o t h e r  y i e l d s  
S ince  t h e  r e a l  e ige i tvec to r  + s a t i s f i e s  
we o b t a i n  
where k ~  i s  t h e  g e n e r a l i z e d  s t i f f n e s s  of t h e  mode. and kd i s  the  c o n t r i b u t i o n  of 
t h e  v i s c o e l a s t i c  m a t e r i a l  t o  :he g e n e r a l i z e d  s t i f f n e s s .  S ince  t h e  g e n e r a l i z e d  
s t i f f n e s s  f o r  a  mode is  e q u a l  t o  twice  t h e  e l a s t i c  s t r a i n  energy  i n  t h e  mode, 
Equat ion (24) may be i n e e r p r e t e d  a s  s t a t i n g  t h a t  t h e  r a t i o  of  t h e  composi te  l o s s  
f a c t o r  n t o  t h e  l o s s  f a c t o r  of t h e  v i s c o e l a s t i c  m a t e r i a l  i s  e q u a l  t o  t h e  f r a c t i o n  
of t h e  t o t a l  s t r a i n  energy con ta ined  i n  t h e  damping m a t e r i a l .  
More g e n e r a l l y ,  f o r  s t r u c t u r e s  c o n t a i n i n g  s e v e r a l  damping m a t e r i a l s  w i t h  
i n d i v i d u a l  l o s s  f a c t o r s  n 1 ,  n2,  n3, ..., t h e  composi te  l o s s  f a c t o r  f o r  t h e  
s t r u c t u r e  is 
n = q l ( k l / k T )  + n 2 ( k 2 / k ~ )  + (25) 
where k; i s  the  c o n t r i b u t i o n  of  t h e  i t h  damping m a t e r i a l  t c  t h e  t o t a l  g e n e r a l i z e d  
s t  i f  f n e s s  k ~ .  
Equat ion (24)  i s  implemented w i t h i n  t h e  f i n i t e  e lement  procedure  by 
performing a n  uridamped e i g e n v a l u e  a n a l y s i s  and e x t r a c t i n g  f o r  each mode t h e  t o t a l  
s t r a i n  energy  2kT and t h e  s t r a i n  energy 2kd c o n t a i n e d  i n  t h e  v i s c o e l a s t i c  
m a t e r i a l .  I n  t h e  undamped a n a l y s i s ,  t h e  damping m a t e r i a l  i s  modeled and a s s i g n e d  
a  z e r o  l o s s  f a c t o r .  
NASTRAN IMPLEMENTATION 
With NASTRAN a n a l y s i s ,  t h e  s p e c i f i c a t i o n  o f  q u a d r a t i c  f requency dependence 
f o r  p a r t  of a s t r u c t u r e  r e q u i r e s  t h a t  t h e  s t i f f n e s s  m a t r i x  f o r  t h a t  p a r t  be 
a v a i l a b l e  and t h a t  v a r i o u s  s c a l a r  m u l t i p l e s  of t h a t  m a ~ r i x  be c o m b i r  1 with  t h e  
o r i s i n a l  s t i f f n e s s ,  mass, and damping m a t r i c e s  f o r  t h e  e n t i r e  sys te r  . 
A conven ien t  way t o  o b t a i n  t h e  s t i f f n e s s  m a t r i x  f c r  a  s u b s e t  of e l e m e n t s  
( t h e  v i s c o e l a s t i c  m a t e r i a l )  i n  a  s t r u c t u r e  i s  t o  s p e c i f y  a  u n i t  m a t e r i a l  damping 
c o n s t a n t  (g  = 1)  on t h e  m a t e r i a l  c a r d  f o r  t h a t  s u b s t r u c t u r e .  I n  t h a t  c a s e ,  t h e  
r e f e r e n c e  e l a s t i c  s t i f f n e s s  m a t r i x  8, f o r  t h e  damping m a t e r i a l  i s  merely  t h e  
NASTRAN d a t a  block K4GG. Thus, Erom Equat ion ( 8 ) ,  t h e  e l a s t i c  s t i f f n e s s  m a t r i x  
Ke f o r  t h e  r e s t  of the  s t r u c t c r e  ( a l l  m a t e r i a l  e x c e p t  t h e  damping m a t e r i a l )  i s  
K, = KGGX - K4GG (26)  
where KGGX i s  t h e  NASTRAN d a t a  block c o n t a i n i n g  t h e  r e a l  p a r t  of t h e  complete  
system s t i f f n e s s  mat r ix .  With t h e  use  o f  NASTRAN d a t a  b lock  terminology,  
Equa t ions  ( 1 4 )  - (16)  t h e n  become 
K* = KGGY + ( a o  - 1  + i S o )  K4GG (27)  
B* = BGG + ( 8 1  - i a l )  K4GG (28)  
where t h e  n e r  complex m a t r i c e s  K*, B*, and M* r e p l a c e  t h e  o r i g i n a l  m a t r i c e s  KGGX, 
BGG, ar.d MGG, r e s p e c t i v e l y .  T h i s  replacement  i s  e f f e c t e d  w i t h  an ALTER t o  t h e  
r i g i d  format.  ' f i e  s c ~ l a r  m u l t i p l i e t s  i n  Equa t ions  ( 2 7 )  - ( 2 9 )  a r e  d e f i n e d  i n  
NASTK4N u s i n g  t h r e e  complex paramete r s  : 
PARMK = ( a o  - 1 ,  8,) 
PARMB = ($1,  -a1) 
where the a's and fl's are the coefficients of the quadratic curve fits in 
Equations (11) and (12). 
Forced Response 
For the calculation of forced time-harmonic response (NASTRAN's Rigid Format 
8) ,  an ALTER to effect Equations ( 2 7 )  - (29) would be sufficient to enforce 
quadratic frequency dependence of the properties of one material. The DMAP ALTER 
vhich implements these changes is shown in Figure 1. The first section (ALTEK 
41) replaces the original coefficient matrices with the new matrices K*, M*, and 
B* defined in Equations (27) - (29). The other three sections replace NAVRAN's 
functional modules SMPl and SMP2, which perform the static condensation (Cuyan 
reduction) on the stiffness, mass, and damping matrices. These replacements are 
needed because SMPl and SMP2 do not allow ccmplex input. 
ALTER 41 $ APR 84, R.F. 8, FREQ-DEP U T L  
PARAM //*MPY*/NOBGI;/l/l $ YES BGG 
P A q W  //*MPY*/NOK~GG/ 11-1 $ NO K4GG 
ADD KGGx, K~GG/KBAR//C,Y, PARMK $ NEW K 
ADD MGC , K~GG/MBAR//C,Y, PARMM $ NEW M 
ADD BGG ,K4GG/BBAR//C,Y,PARMB $ NEW B 
EQUIV KBAR, KGCx//MBAR,MGG/ /BBAR, BGG $ NEW K, B ,M 
PURGE K4GG $ 
ALTER 78,78 $ REPLACE SMPl FOR C0MPl.c.X K 
UPARTN USET,KFF/KAAB,KOA,,KOO/*F*/*A*/*O* $ 
SOLVE EOO,KOA/GO/l/-1 $ 
MPYAD KGA,GO,KAAB/KAA/~ $ 
DIAGONAL KAA/AVEC/*COLUMN*/O. $ VECTLR OF ONES 
ADD AVEC,/PVEC/(O.O,O.O) $ VECTOR OF ZEXOS (P-VEC) 
MERGE KAA, , , ,PVEC, /KAASYM/-1/16 $ DUMMY MERGE FOR K 
EQUIY KAASYM,KAA $ KAA TRAILER NOW SYMMETRIC 
ALTER 80,80 $ REPLACE SMP2 FOR COMPLEX M 
UPAR'IN USET,MFF/MAAB,MOA,,MOO/*F*/*AC/*OX $ 
MPYAD MOO,GO,E' \X/TEMP1/1 $ 
MPYAD GO,TEMPl,MAAB/TEMF2/1 $ 
MPYAD MOA, GO,TEMPZ/MAA/ 1 $ 
MERGE MAA,,,,PVEC,/MAASYM/-1/16 $ DUMMY MERGE FOK M 
LQUIV E:AASYM,MAA S MAA TRAILER NOW SYMMETRIC 
ALTER 83,83 $ REPLACE SMP2 FOR COMPLEX B 
UPARTN USET, BFFIBAAB, BOA,, B0O/*F*/~A*/*Of $ 
MPYAD BOO, GO,BOA/TEMP3 / 1 $ 
MPYAD GO,TEMP3, BAAB/TEMP4/ 1 $ 
MPYAD BOA,GO,TEM?4/BAA, 1 $ 
MERGE BAA,, , ,€'VEC, /BAAsYM/-1/16 $ DUMMY MERGE FOR B 
EQUIV BAASYM,BAA $ BAA TRAILER NOW SYMMETRIC 
ENOALTXR $ 
Figure 1 - DMAP ALTER far Rigid Format 8 for Time-Sermonic 
Response of Structures with Frequency-Dependent Material Properties 
To summarize, tho  NASTRAN procedure  f o r  c a l c u l a t i n g  t h e  t i m e - h a m n i c  
response  o f  a  s t r u c t u r e  w i t h  one frequency-dependent damping m a t e r i a l  is a s  
f  01 lows: 
I .  Perform a  l e a s t  s q u a r e s  q u a d r a t i c  f i t  t o  one o f  t h e  elastic modul i  t o  
d e t e r n i n e  t h e  a ' s  and P ' s  i n  Equa t ions  (11)  and (12).  For v i s c o e l a s t i c  
m a t e r i a l s  (e.g., r u b b e r ) ,  t h e  s h e a r  modulus G i s  u s u a l l y  used,  i n  which c a s e  
and P ( w )  is d e f i n e d  i n  Equa t ion  (10).  Go is t h e  r e f e r e n c e  material p r o p e r t y  
and may be  t a k e n  t o  be  1  p s i .  I n  Equa t ion  ( l o ) ,  n ( u )  is t h e  l o s s  f a c t o r  f o r  
t h e  v i s c o e l a s t i c  m a t e r i a l .  
2 .  Spec i fy  t h e  m a c e r i a l  earnping c o n s t a n t  g  = 1 and r e f e r e n c e  e l a s t i c  p r o p e r t i e s  
(e.g., s h e a r  m ~ d u l u s  G = Go) o n  t h e  l a t e r i a l  c a r d  f o r  t h e  v i s c o e l a s t i c  
m a t e r i a l ;  s p e c i f y  t h e  mass d e n s i t y  aad P o i s s o n ' s  r a t i o s  correct1:r .  S p e c i f y  
g = 9 on t h e  m a t e r i a l  c a r d  f o r  t h e  undamped m a t e r i a l .  
3. Perform f requency  response  a n a l y s i s  ( R i g i d  Format b )  w i t h  t h e  CHAT ALTER of 
F i g u r e  1 and t h e  pa ramete r s  d e f i n e d  i n  Equa t ion  (30) .  
Loss F a c t o r s  
Forced response  p r e d i c t i o n s  f o r  s t r u c t u r e s  w i t h  one damping r a t c r i a l  r e q u i r e  
on ly  t h e  replacement  of t h e  o r i g i n a l  K,  t4, and B m a t r i c e s  v i t h  t h e i r  complex 
c o u n t e r p a r t s  K*, W, a n l  B* d e f i n e d  i n  Equa t ions  ( 2 7 )  - (29). Hovcver, t h e  same 
replacemect  cannot  be used t o  s o l v e  t h e  complex e i g e n v a l u e  problem ( R i g i d  Format 
7) t o  o b t a i n  danping, because  t h e  assumed time deperidence is d i f f e r e n t  between 
Rigid  Formats 7 and 8. Specifically, f o r  f o r c e d  r e s p o n s e  c a l c u l a t i o n s ,  NASTRAN's 
t i r e  dependence is o f  t h e  form eiat ,  v h e r e a s  i n  t h e  complex e i g e n v a l u e  problem, 
t h e  ime dependence is  o f  t h e  form e P t  f o r  complex p. The modal s t r a i n  ene rgy  
(MSF) ~ p p r o a c h  is  a  m a n s  o f  a v o i d i n g  t h i s  d i f f i c u l t y ,  s i n c e  o n l y  undamped 
n a t u r a l  f r e q u e n c i e s  a r e  computed, i n  which c a s e  
i n  Equat ions  ( 2 7 )  - (30) .  A  complex e i g e n v a l u e  a n a l y s i s  is s t i l l  r e q u i r e d ,  
hawever, s i n c e  t h e  damping m a t r i x  B* i s  p u r ~ l y  imag ina ry ;  K* and X* a r e  b o t h  
r e a l .  
To complete  t h e  c a l c u l a t i o n  o f  t h e  ~ o m p o s i t e  l o s s  f a c t o r  n i n  Equa t ion  (24) ,  
ve f i r s t  n o t e  t h a t  Equa t ion  (24)  i s  z q u i v a l e n t  t o  
where ko i s  t h e  g e n e r a l i z e d  s t i f f n e s s  f o r  t h e  damping m a t e r i a l  w i t h  some 
r e f e r e n c e  l e v e l  of m a t e r i a l  p r o p e r t i e c  chosen (e.g., s h e a r  modulus G = 1  p s i ) ,  
and ke i s  t h e  g e n e r a l i z e d  s t i f f n e s s  f o r  t h e  r emain ing  m a t e r i a l .  S ince  a is  
zrequency-dependent, i t  is conven ien t  t o  l e t  NASTRAN compute ke  and ko f o r  e a c h  
mode and t o  u s e  a  p o s t  - 3 c e s s o r  t o  compute 7 f o r  each  mode. 
The DMAP ALTER wh~r!t implements a l l  t h e s e  changes  i n  NASTRAN's -omplex 
e i g e n v a l u e  a n a l y s i s  ! R ~ g i d  Format 7) is shovn i n  F i g u r e  2. The f i r s t  s e c t i o n  
(ALTER 41)  r e p l a c e s  t h e  o r i g i n a l  c o e f f i c i e n t  m a t r i c e s  w i t h  t h e  new m a t r i c e s  K*, 
*, and R* d e f i n e d  i n  Equa t ions  (27)  - (29) .  The second s e c t i o n  (ALTER &0,80) i s  
t h e  r e p l a c e l e n t  f o r  NASTRAN's s tat  !c c o n d e n s a t i o n  m d u l e  SXP2. The t h i r d  s e c t i o n  
(ALTER 127) computes t h e  g e n e r a l i z e d  s t i f f n e s s e s  ko and ke f o r  e a c h  mode. These 
g e n e r a l i z e d  s t i f f n e s s e s  a s  w e l l  as t h e  l ist  o f  e i g e n v a l u e s  ( c o n t a i n e d  i n  d a t a  
b lock  CLAW) are v r i t t e n  o n  a n  OUTPUT2 f i l e  f o r  p o s t p r o c e s s i n g  t o  e v a l u a t e  rl f o r  
e a c h  mode a c c a r d i n g  t o  Equa t ion  (33) .  
To s u ~ u r i z e ,  t h e  NASTRAN procedure  f o r  c a l c u l a t i n g  loss f a c t o r s  o f  
s t r u c t u r e s  v i t h  one  f requency-dependent  damping m a t e r i a l  is a s  f o l l o v s :  
1. Perform a least s q u a r e s  q u a d r a t i c  f i t  t o  one  o f  t h e  e l a s t i c  l o d u l i  t o  
d e t e r m i n e  t h e  a's i n  Equa t ion  (11).  For  damping m a t e r i a l s  ( such  as r u b b e r ) ,  
t h e  s h e a r  modulus G is u s u a l l y  u s e d ;  see E q u a t i o n  (31) .  
2. S p e c i f y  :he m a t e r i a l  damping c o n s t a n t  g  = 1 and r e f e r e n c e  e l a s t i c  p r o p e r t i e s  
(e-g., s h e a r  modulus G = Go) on t h e  material c a r d  f o r  t h e  v i s c o e l a s t i c  
m a t e r i a l  ; s p e c i f y  t h e  mass d e n s i t y  and P o i s s o n ' s  r a t i o s  c o r r e c t l y .  S p e c i f y  
g = 0 on t h e  m a t e r i a l  c a r d  f o r  t h e  undamped m a t e r i a l .  
3. Perform complex e i g e n v a l u e  a n a l y s i s  ( R i g i d  F o ~ t  7) v i t h  t h e  DXAP ALTER d f  
F i g u r e  2. Use t h e  p a r a m e t e r s  d e f i n e d  i.1 Equa t ion  (30)  v i t h  f10 = B1 = $2 = 0. 
R e t a i n  t h e  OUTPUT2 f i ? e  (UT1). 
.ALTER 4 1  $ APR 84, R.F. 7, FREQ-DEP MTL 
P A W  //*MPY*/NOBGG/~/~ $ YES BGG 
P A W  //*HPY*/NOK~CC/~/-~ $ NO K 4 G  
DIAGONAL KWX/  IDENTG/*SQUARE~/O. $ G SET IDENTITY XATRIX 
XPYAD IDENTG,KCGX,K4GC/WT2/1/1/-1 $ 
ADD,KGGx,K~Gc/KBAR//C,Y,PAW $ NEW K 
ADD XGG ,K~cT-/F~BAR//C,Y,PAR~~ $ NEW X 
ADD BGG ,K~GG/BBAR//C,Y,PAME $ NEW B 
EQUIV KBAz,KGGX,'/XBAR,)(CG/ /BEAR, BGG $ NEi K, B, 
ALTER 80,80 $ REPLACE s n ~ 2  FOR COXPLEX B 
3iAGONAL KM/AVEC/*CCLU!IHI/O. $ VECT'JR OF ONES 
ADD AVEC,/PVEC/(O.O,O.O) $ VECTOR OF ZEROS (P-VEC) 
UPARTN USET,BFF/BkAB,BOA, , BOO/*F*/*A* !* Of $ 
UPYAD BOO, GO, BOAlTEtlP3 / 1 $ 
MPYAD CO,TEW3, BMB/TEMP4/ 1 $ 
YPYAD BOA, GO,TEH.?~/BM/ 1  $ 
HERGE BIU, ,, ,PVEC,/BMSYH/-1/16 $ DUUUY XERGE FOR B 
EQUIV BMSYM,BM $ BAA TRAILER NOW SYMHETRZC 
ALTER 127 $ GENERALIZSD STIFFNESSES 
SHPYAD CPHIP,K4W ,CPHIP., ,/GKXAT1/3////1/1 $ 
SXPYM CPHIP,KUT2,CPHIP,,,/CKXAT2/3////1/1 $ 
DIAGONAL GKHATl/kl $ 
DIAGONAL GKHAT2/K2 $ 
WTFRN K~,R~,CLAXA, , / /  $ 
OUTP'Jii K l  ,K2,CLAYA,, / I  $ 
ENDALTER $ 
F i g u r e  2  - DHAP ALTER f o r  R ig id  Forma: 7 For Loss F a c t o r s  o f  
S t r u c t u r e s  w i t h  Frequency-Dependent M a t e r i a l  P r o p e r t i e s  
DISCUSS ION 
A f i n i t e  e l e w n t  p rocedure  h a s  been d e s c r i b e d  f o r  p r e d i c t i n g  t h e  l o s s  
f a c t o r s  o f  s t r u c t u r e s  t o  which f requency-dependent  v i s c o e l a s t i c  damping 
t r e a t n e n t s  have been a p p l i e d .  T h i s  procedure ,  used on t h e  s i m p l e  test problem o f  
a t h r e e - l a y e r  p l a t e ,  y i e l d e d  p r e d i c t i o n s  s i m i l a r  t o  t h o s e  o f  a genera l ly -accep ted  
a n a l y t i c a l  p rocedure  f o r  i n f i n i t e  p l a t e s .  
The pover  of t h e  f i n i t e  e lement  procedure ,  however, is t h a t  i t  is n o t  
r e s t r i c t e d  t o  such s i m p l e  geametry b u t  c a n  r e a d i l y  h a n d l e  such compl ica t iu t l s  
a s  d i f f e r e n t  boundary c o n d i t i o n s ,  v a r i a b l e  p l a t e  t h i c k n e s s ,  and l o c a l i z e d  
t r e a t m e n t s .  !?one of  t h e s e  e f f e c t s  c a n  be t r e a t e d  by t h e  i n f i n i t e  p l a t e  theory.  
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Figure  h - Comparison o f  Loss F a c t o r s  f o r  Sandwich P l a t e  as P r e d i c t e d  
by P r e s e n t  F i n i t e  Element Method and by Ross-Ungar-Kerwin Theory [ 6 ]  
6 .  With n p o s t p r o c e s s o r ,  r ead  t h e  UTl f i l e  and compute f o r  each  mode t h e  l o s s  
f a c c o r  n a c c o r d i n g  t o  E s u a t i o n  (33) .  
EXAMPLE 
The procedure  f o r  c a l c u l a t i n g  c r m p o s i t e  l o s s  f a c t o r s  w i l l  be  i l l u s t r a t e d  f o r  
t h e  :hree-layer sandwich p l a t e  shown i n  F i g u r e  3. Ye assume t h a t  t h e  s h e a r  
modulus G and l o s s  f a c t o r  n f o r  t h e  midd le  l a y e r  a r e  g i v e n  by 
~ ( f )  = 104 + 9f ( p s i )  ( 3 4 )  
where f  is frequency i n  h a .  These r e l a t i o n s  imply c o n s i d e r a b l e  f requency  
dependence, s i n c e  between z e r o  and 10,000 Hz, G v a r i e s  by a f a c t o r  of t e n ,  and 
n v a r i e s  by a  f a c t o r  o f  f i v e .  The t o p  and bot tom l a y e r s  a r e  made o f  steel. 
The p l a t e  was modeled w i t h  t h r e e  l a y e r s  s f  20-node i s o p a r a m e t r i c  ("br ick")  
f i n i t e  e l e a e n t s .  A 1 3 x 5 ~ 2  mesh o f  e l e m e n t s  was csed. These e l e m e n t s  were used 
r a t h e r  t h a n  p l a t e  e l e m e n t s  because o f  i n t e r e s t  i n  f a i r l y  t h i c k  p l a t e s  of v a r i a b l e  
t h i c k n e s s ,  i n  uh ich  c a s e  t h e  e n g i n e e r i n g  p l a t e  t h e o r y  no l o n g e r  a p p l i e s .  Guyan 
r e d u c t i o n  was a p p l i e d  t o  t h i s  a o d e l  i n  such a  way t h a t  t h e  o n l y  d e g r e e s  of  
freedom r e t a i n e d  were t h e  normal t r a n s l a t i o n s  a t  t h e  c o r n e r  nodes o f  each  
e lement  on t h e  t o p  and bot tom faces .  
The compos i t e  l o s s  f a c t o r  computed u s i n g  t h e  f i n i t e  e lement  p rocedure  
d e s c r i b e d  i n  t h e  p reced ing  $ e c t i o n s  is compared i n  F i g u r e  4 w i t h  a  c a l c u l a t i o n  
based on c l a s s i c a l  i n f i n i t e  $ l a t e  theory  p r e s e n t e d  by Ross, Ungar, and Kerwin 
[ 6 ] .  That  f i g u r e  i n d i c a t e s  a  good agreement between t h e  two p r e d i c t i o n s .  The 
i n f i n i t e  p l a t e  t h e o r y  is g e n e r a l l y  thought  t o  p r c v i d e  a  reasonab ly  a c c u r a t e  
p r e d i c t i o n  of the  composi te  l o s s  f a c t o r  f o r  p l a t e s  wi th  t h i s  s i m p l e  geometry,  
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